Abstract. Triangles having rational sides a, b, c and rational area Q are called Heron triangles. Associated to each Heron triangle is the quartic
The Heron formula states that Q = √ P (P − a) (P − b) (P − c) where P is the semi-perimeter of the triangle, so the point (u, v) = (P, Q) is a rational point on the quartic. Also the point of innity is on the quartic. By a standard construction it can be proved that the quartic is equivalent to the elliptic curve The point (P, Q) on the quartic transforms to
on the cubic, and the point of innity goes to (0, abc) . Both points are independent, so the family of curves induced by Heron triangles has rank ≥ 2. In this note we construct subfamilies of rank at least 3, 4 and 5. For the subfamily with rank ≥ 5, we show that its generic rank is exactly equal to 5 and we nd free generators of the corresponding group. By specialization, we obtain examples of elliptic curves over Q with rank equal to 9 and 10. This is an improvement of results by F. Izadi et al., who found a subfamily with rank ≥ 3, and several examples of curves of rank 7 over Q.
1. Triangles and elliptic curves 1.1. Heron triangles. Denition. A triangle with sides of rational lengths {a, b, c} is called a Heron triangle if its area Q is also a rational number.
The Heron formula states that the area Q of a triangle with sides {a, b, c} is equal to Q = √ P (P − a) (P − b) (P − c) , where P = a + b + c 2 .
So, a triangle with sides a, b, c is a Heron triangle when (a + b + c)(−a + b + c)(a − b + c)(a + b − c)
is a rational square. The Indian mathematician Brahmagupta, 598-668 A.D., showed that for a triangle with integral sides {a, b, c} and integral area Q there are positive integers k, m, n, with k 2 < m n, such that
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Observe that the value of Q is a consequence of the Heron formula. A classical reference for Heron triangles is the second volume of the History of the Theory of Numbers by L. E. Dickson [DI] .
1.2. Elliptic curves associated to Heron triangles. Given a Heron triangle of sides {a, b, c} and area Q, consider the quartic
The point (u, v) = ((a + b + c)/2, Q) is on the quartic (1), due to the Heron formula. The point at innity is also on the quartic. Now the change of coordinates
and the two points mentioned above into (x, y) =
and (x, y) = (0, abc) respectively. The relation between elliptic curves and Heron triangles appears in the work of many authors in the mathematical literature. Let us mention some of them.
The quartics (1) have been used by Bremner in [B] in order to study the existence of sets of N Heron triangles with given perimeter and area, for a given positive integer N . Similar kind of problems have been treated in [KL] and [vL] .
The existence of innitely many Heron triangles with a given area has been shown in [R] . This result is also obtained in [GM] , by exploiting properties of a family of elliptic curves which generalize the congruent number elliptic curves.
In [BR] it is shown that there exist an innite set of Heron triangles having two rational medians.
Elliptic curves of the shape (2) appear in a natural way in the study of elliptic curves induced by Diophantine m-tuples (see [D] and [ADP] ), where the values a, b and c represent three components of a Diophantine triple, instead of the sides of a Heron triangle as in the present context.
In [CG] the authors describe connections between the problem of nding Heron triangles with a given area and nding Diophantine quadruples, and they are led to study the relation of these problems with the elliptic curves over Q having rational torsion group equal to Z/2Z × Z/8Z.
In [IKN] the authors show a family of Heron triangles whose associated elliptic curves have generic rank equal to 3 and they also exhibit particular examples of curves with rank equal to 7 over Q. The purpose of this note is to improve their results. In fact, we have found families of elliptic curves induced by Heron triangles having rank ≥ 4 and ≥ 5. Using the algorithm from [GT] , we are able to show that the generic rank of the last family is equal to 5 and to nd generators of its Mordell-Weil group. Furthermore, we have found particular examples of curves whose rank over Q is 9 and 10.
2. Search for higher rank 2.1. Rank 2. As an initial step in our construction we transform the cubic (2) into the form
Now we insert the values of the Brahmagupta parametrization with k = 1. There is no loss of generality since k acts as a scaling factor. We get
The cubic y 2 = x 3 + A 2 x 2 + B 2 x has rank ≥ 2 over over Q(m, n). In terms of m and n, the X-coordinates of the two independent innite order points are
Observe that the condition k 2 < m n becomes 1 < m n. Just a word of explanation on how we have found the conditions for new points. In every case we have curves with the shape y 2 = x 3 + Ax 2 + Bx where the coecient B is a polynomial expression in the parameters involved. Since B has several polynomial factors F j we look for new points in the homogenous spaces corresponding to each F j , i. e.: we search for conditions like
that can be converted into squares by an adequate choice of the parameters. In all the cases with (U, V ) = (1, 1) we have been able to impose a new point into the curve for the values of F j quoted in each step below.
Rank 3. Now we impose that (a + b − c)/2 is the u-coordinate for a new point
in the quartic, or equivalently that
is the X-coordinate for a point on the cubic (3). This can be done with the substitution m = 2 n(1+w 2 ) . The subfamily corresponding to this specialization of the parameter has rank ≥ 3. After getting rid of denominators, the coecients of the cubic are
The X-coordinates of the three independent points are
The formal proof of independence will be given in Section 2.5. The condition for the sides is w 2 < 1 since mn > 1 transform into mn = 2 1+w 2 > 1. The sides of the corresponding Heron triangle are
2.3. Another rank 3 family. We constructed the previous family of rank 3 by imposing (a+b−c)/2 as a new point on the quartic, which turns out to be equivalent to parametrizing a conic. In a similar way we get the following family of rank at least 3. We impose (a + b)/2 as a new point on the quartic, which is equivalent to specializing m = 
The sides, for w 2 < 1, are
2.4. Rank 4. We can force (1 + n
to became the X-coordinate for a new point on the cubic given by the coecients {A 3 , B 3 }, solving (3 + w 2 )(4 − n 2 + n 2 w 2 ) = square. This can be realized by choosing
The subfamily corresponding to this specialization of the parameters has rank ≥ 4. The X-coordinates of the four independent points are 
By the Silverman specialization theorem [S, Theorem 11.4] , in order to prove that the family of elliptic curves
has rank ≥ 5 over Q(w), it suces to nd a specialization w = w 0 such that the points with X-coordinates X 1 (w 0 ), . . . , X 5 (w 0 ) are independent points on the specialized curve over Q. Let us take w = 2. Then the points (829979290180, 709888756704565620), (2074948225450, 257727244134919050), (1327966864288, 82472718123174096), (7939152098050, 17599028082679258950) , (2135602557625, 421478249567754750) are independent points of innite order on the elliptic curve
Indeed, the value of the discriminant of the canonical height matrix of these ve points is ≈ 115940.98 ̸ = 0. Let us mention that the rank of curve (5) is equal to 8.
Our next goal is to prove that the curve E given by (4) has rank over Q(w) exactly equal to 5, and moreover to nd free generators of the group E(Q(w)). We have noted experimentally that the points with the X-coordinates X 1 , . . . , X 5 do not generate the full group, but its subgroup of index 2. So we searched for other points on E such that X-coordinate divides B 5 . In that way, we nd the point on E with X-coordinate
Now we use the algorithm by Gusi¢ and Tadi¢ [GT, Theorem 3.1 and Corollary 3.2] . It is applicable to our situation since the curve E has three nontrivial 2-torsion points, i.e. the equation for E can be written in the form
with (e 1 , e 2 , e 3 ∈ Z[w]). Indeed, Using mwrank [C] , we compute that rank(E(12)(Q)) = 5. Hence, we proved that rank(E(Q(w))) = 5.
Moreover, mwrank is able to nd free generators of E(12)(Q) (we increased the default saturation bound from 100 to 350 to ensure that we get the full basis): Let us denote by Q 1 , . . . , Q 5 the points on E with X-coordinates X 1 , X 2 , X 3 , X 4 , X ′ 5 , respectively, and let T 1 = (0, 0), T 2 = (e 2 , 0), T 3 = (e 3 , 0) be torsion points of E. The corresponding points on E(12) obtained by the specialization w = 12 we denote by Q 1 (12), . . . , Q 5 (12), T 1 (12), T 2 (12), T 3 (12). We check in SAGE that E(12)(Q) tors = {O, T 1 (12), T 2 (12), T 3 (12)}. Now we express Q i (12), i = 1, . . . , 5, (modulo torsion) in the basis P 1 , . . . , P 5 . We get:
Since the transformation matrix has determinant equal to 1, we conclude that Q 1 (12), . . . , Q 5 (12) also represent a full basis for E (12) . Finally, by [GT, Corollary 3 .2], we conclude that Q 1 , . . . , Q 5 are free generators of E(Q(w)).
2.6. Rank 9 and 10. In [IKN] Izadi et al., using a result of Fine [F] , found a subfamily of rank ≥ 3 and also several examples of elliptic curves with rank 7 over Q associated to Heron triangles. Here we will give some examples of such curves with rank 9 and 10.
Our starting point are the families of elliptic curves with rank ≥ 3 from Sections 2.2 and 2.3. We use the sieving method based on Mestre-Nagao sums
(see [M, N, D] ). For curves with large values of S (N, E) , with N up to 2000, we compute the Selmer rank, which is well-known upper bound for the rank. We combine these information with the conjectural parity for the rank. Finally, we try to compute the rank and nd generators for the best candidates for large rank. We have implemented this procedure in PARI [P] , using Cremona's program mwrank [C] for the computation of rank and Selmer rank.
In the following tables, we present examples of rank 9. We give the corresponding parameters n, w and also the sides of the corresponding Heron triangle (normalized such that they are coprime integers). Tables 1 and 2 correspond to the families from Sections 2.2 and 2.3, respectively. For the parameters (n, w) = (45/173, 1/95) in the family from Section 2.2 we get by mwrank that rank is equal to 9 or 10, while the root number is 1, so according to the Parity conjecture the rank should be even, therefore equal to 10. 
